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Interceptor Line-of-Sight Rate Steering:
Necessary Conditions for a Direct Hit
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The zero-effort miss of an interceptor is a vector that measures the closest pass to the target that will occur on its
current trajectory if no corrective control is applied. The position divert is the change in the zero-effort miss that
occurs as a result of applyingcontrol. A necessary condition for a zero miss is that the magnitudeof the interceptor
zero-effort miss be smaller than that of the maximumpositiondivert at all values of interceptor–target range. Using
this condition, a criterion for a hit is established: The set of probable zero-effort misses must always be a subset of
the set of position diverts. Because it is impossible to meet this condition for arbitrarily small interceptor–target
range, there must be some critical range at which the guidance fails. The work is limited to predictive homing
guidance using reaction control and shows how the guidance failure mechanism in� uences the interceptor miss.
A simple approximate expression for miss distance is obtained, in terms of homing seeker noise, maximum divert
acceleration, and uncertainty about target acceleration.

I. Introduction

T HERE are � ve main processes that limit the smallest miss that
can be guaranteed by a homing interceptor against a target

such as a ballistic missile. They are 1) the initial uncertainty about
the interceptor–target state; 2) the rate at which the target can un-
predictably change its state, i.e., maneuver; 3) the rate at which
state uncertainty grows due to the autonomous dynamics of the
interceptor–target system; 4) the rate at which information can be
gathered about the system state by the interceptor guidance seeker
measurements, determined by seeker measurement accuracy; and
5) the rate at which the interceptor can alter its heading, i.e., divert,
in response to guidance controls.

A simple (but admittedly intuitive) theory is developed that ex-
plains how some of these processes interact in a homing guidance
systememployingpure reactionsidethrustcontrol.It is assumed that
the sidethrusters operate instantaneouslyon command. A heuristic
algebraicexpressionis derived that suggests the likely miss distance
uncertainty, or miss grouping, for the case where the miss process
is dominated by the interaction of state variable estimation uncer-
tainty with hard limiting of divert thrust. The miss uncertainty is a
functionof closingvelocity,homingseekerangular resolution,max-
imum interceptor divert acceleration, and uncertainty about target
acceleration.

The principal aim of the paper is to � nd a concise way of ex-
plaining the effect of divert thrust hard limiting, and its interaction
with uncertainty in the system state, on the miss distance of a reac-
tion sidethrustcontrolledhoming interceptor.Monte Carlo methods
(repeated simulation trials with ensemble averaging) are inexpen-
sive in these days of fast computers, but they yield only numerical
descriptions of miss distance distributions: they do not yield the
underlying causes of miss that are sought; i.e., they do not yield
a clear explanation of the miss process. Computationally ef� cient
alternativesto Monte Carlo methods,using statisticallinearization,1

have been employed in the past. Gelb and Warren2 used a covari-
ance analysis describing function technique (CADET) to get direct
numerical statistical performance projections. Zarchan3 used the
CADET method to compute describing function gains, which were
then stored and used as time-varyingcoef� cients in a numerical ad-
joint analysis.The techniquewas coined the statistical linearization
adjoint method (SLAM).
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CADET and SLAM give clues to the explanation sought, but
their output is numerical. The work here does not use statistical
linearization,but rather a reachableset idea4: To guaranteea hit, the
set of probable interceptor zero-effort misses must be a subset of
the set of interceptor position diverts.

II. Fundamental Ideas
A. Target Estimated Set

Suppose that an estimateof the full state of the target (its position,
velocity, attitude, attitude rate, etc.) is available, supplied by a state
estimator that is driven by a seeker observing the target. The state
estimate is characterised by a probability density function (PDF)
in the target state space, which is conditional on all past seeker
measurements. For the purposes of explanation here, and without
much lossof generality,considerthis PDF to have a simpleproperty:
All of the possible states of the target that are admitted by the past
seeker measurements are equally likely. This assumption is made
solely to shorten the descriptionof the ideas. In practice, the PDF is
likely to be Gaussian or near-Gaussian.Certainly, if a Kalman � lter
is employed for state estimation, the true system state PDF will be
approximatedby a Gaussiandistribution.The boundsof the uniform
distributionused here might be replacedby a 3¾ speci� cation in the
Gaussian case.

The set of possible target states admitted by the uniform PDF
shall be called the estimate set E . The true state of the target is a
member of E , i.e., it lies within E to probability 1. The bounds of
E are determined by the measurements on the target state, made by
the interceptorhoming seeker. Ideally, E should be small.

Setting aside unpredictable atmospheric variations and input-
induced maneuver, the differential equation for the target state is
autonomous. Therefore, each state in E is the initial state of a pos-
sible target trajectory.

Of key importance is whether these possible target trajectories
are interceptable. The interceptor, with zero control effort applied,
i.e., on a coasting trajectory,makes a closest approach with each of
the possible target trajectories.The vector of closest approach shall
be called a zero-effortmiss (ZEM) vector.

At ranges much greater than the magnitude of the ZEM vector,
the ZEM vector is almost normal to the interceptor–target line of
sight (LOS). Thus, the componentof the ZEM vectoralong the LOS
is almost zero. The components of the ZEM vector normal to the
LOS may be positiveor negative,inducingLOS rate componentsof
correspondingsign. For simplicityof description,consideronly one
plane of the guidance and one correspondingnormal component of
the ZEM vector. Denote the component simply as the ZEM, a scalar
that can take either sign. The probability of being able to hit the
target cannot be 1 unless every one of the possibleZEMs is nullable
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by an admissible interceptor control sequence because one of the
possible ZEMs is the true ZEM.

B. Interceptor Reachable Set
Given the current interceptorstate and knowledge of its response

to controls, theremust be some computableset of initial target states
that correspond to a set of interceptable, or reachable, trajectories.
Call this set R, the reachableset.By de� nition,the interceptorZEMs
against the set R are all nullableby admissible controls.The bounds
of R are constrained by the maximum available interceptor divert
acceleration. Ideally, R should be large.

C. Intersection Set and Hit Probability
The target trajectories corresponding to the states of E that lie

within R can be intercepted. Those trajectories that lie outside R
cannot be intercepted. If the true target state, in fact, lies outside R,
then an intercept is not possible.

Thus, the target trajectories that are interceptable have initial
states in some intersection region I of E and R. Because the true
target state lies within E to probability 1, and E has a uniform
PDF, the probabilityof being able to hit the target cannot be greater
than the ratio of the number of states in I to that in E . For a hit-to-
kill interceptor, the performance objective is a hit probability of 1,
i.e., that the miss is always zero. A necessary condition for this is
the estimate set E must always be a subset of the reachable set R,
whatever the range between the interceptor and the target. It turns
out that this objective is impossible to meet and that the probability
of a zero miss can never actually be 1.

III. ZEM and Interceptor Divert
A. ZEM and Uncertainty

The precedingdevelopmentsuggestshow uncertaintyin the target
state might interact with the limit on interceptor acceleration divert
to cause a possible loss of hit probability with respect to the ideal
value of 1. The hit probability must fall below 1 as soon as the set
E ceases to be a subset of R.

De� ne the sample miss in the guidance plane to be a normal
componentof the vector of closest pass between the interceptor and
the target. The time of intercept is taken to be the time of closest
pass. If the interceptorcontrol is � xed at zero throughoutthe sample
trajectory, the trajectory is a zero-effort trajectory and the sample
miss is the sample ZEM.

For each of the states in the estimated target set E , a sample
zero-effort relative trajectory may be constructed. A set of sample
trajectoriesresults,and each hasan associatedsample ZEM. A situa-
tion will be consideredin which the E set stateshave common range
values. Effectively, this means that the interceptor–target range is
known.

B. Maximum Divert Limitation
If the interceptor divert acceleration is limited, due to sidethrust

limitation in the divert thrusters, there will be a limit to the position
divert and, hence, a limit to the ZEM that can be nulled by applying
sidethrust.

For example, if the time to go to closest pass is tgo , the maximum
divert accelerationnormal to the interceptor–targetLOS is amax, and
the sidethrusters act instantaneously on command, then the maxi-
mum position divert following a step demand at time to go tgo is
just

s D 0:5 amax t 2
go (1)

This is the maximum ZEM that can be nulled at time to go tgo , and
because

tgo ’ r=V (2)

where r is the interceptor–target range and V is the closing speed,
the maximum tolerable ZEM is just

Zmax ’ 0:5 amaxr 2=V 2 (3)

Superimposing the position divert limit envelope and the set of
sample ZEMs (the ZEM distribution) on the same diagram yields

Fig. 1 Distribution of ZEMs and position divert.

Fig. 2 Effect of interceptor control, without seeker measurements.

Fig. 1. As shown in Fig. 1, theZEM distributionhas a region±Z inside,
which is inside the maximum position divert envelope; if the true
ZEM lies here a hit is possible. But it also has a region ±Zoutside,
which is outside the divert envelope. If the true ZEM lies in ±Zoutside

the target cannot be hit. The hit probability cannot be greater than

p D ±Z inside

.±Z inside C ±Zoutside/
(4)

IV. Necessary Conditions for a Guaranteed Zero Miss
A. Necessary Condition

It is clear from Fig. 1 that a necessary condition at some range
r to guarantee a zero miss is that the whole distribution of sample
ZEMs at the range r must lie inside the maximum position divert
envelope, for if any part of the ZEM distribution lies outside this
envelope,the targetmay be unreachable.A suf� cient conditionfor a
zero miss is that the ZEM distributionmust lie inside the maximum
position divert envelope for all ranges up to intercept.

B. Dynamics of the ZEM Distribution
The dynamics of the ZEM distribution are determined by three

factors: 1) targetmaneuver, 2) controlapplied to the interceptor,and
3) measurements provided to the state estimator.

In the absence of input-induced target maneuver, the dynamics
of the ZEM are zero. The ZEM distribution is, thus, constant if both
interceptor control and seeker measurements are zero (control de-
termines the position of the mean of the ZEM distribution,whereas
seeker measurements determine its variance).

C. Effect of Interceptor Control Without Seeker Measurements
Assuming use of the mean of the ZEM distribution to construct

a control sequence for the interceptor, the effect of the control is
to drive the whole ZEM distribution so that its mean moves to-
ward zero, as shown by the sequence of Fig. 2. Assuming seeker
measurements are absent, nothing is learned about the ZEM, the
ZEM uncertainty is constant, and some part of the ZEM distribu-
tion eventuallyfalls outside the interceptorpositiondivert envelope.
The probabilityof a hit at any given range cannot be greater than the
fraction of the ZEM distribution that lies inside the position divert
envelope.



LAWRENCE 473

Fig. 3 Effect of seeker measurements, without interceptor control.

Fig. 4 Effect of control and measurements.

D. Effect of Seeker Measurements Without Interceptor Control
The effect of seeker measurements is to reduce the uncertaintyof

the state estimates, and so the distribution of ZEMs gets narrower,
as suggested by Fig. 3. Assuming control is absent, the ZEM distri-
bution as a whole is not driven toward zero, and it eventually falls
entirely outside the interceptor position divert envelope. Once this
happens the probability of a hit is zero.

E. Combined Effect of Control and Measurements
The combined effect of control and measurements is shown in

Fig. 4. In the example shown, the progressive reduction in un-
certainty about the ZEM due to measurement information and the
movement of the center of the ZEM distribution toward zero due
to the control, both tend to hold the ZEM distribution within the
interceptorposition divert envelope.

F. Necessary and Suf� cient Conditions for a Guaranteed Zero Miss
Provided the ZEM uncertainty contractionprocess and the ZEM

center nulling process both continue until the range is zero, so that
the whole ZEM distribution always lies inside the divert boundary,
a zero miss will be guaranteed.

The followingconditionsmust be met: 1) The initial ZEM distri-
bution must lie entirely within the interceptor position divert enve-
lope. 2) The ZEM uncertainty must reduce with r 2 as range r falls,
otherwise some part of the ZEM distribution may eventually fall
outside the divert envelope (which reduces in proportion to r 2 ). It
will be shown later that this requirementis impossibleto meet below
some critical value of r . 3) The ZEM uncertainty must eventually
be nulled. This requires an in� nite amount of measurement infor-
mation, which is impossible. 4) The control process must ensure
that the mean ZEM is reduced in proportion to r 2, otherwise some
part of the ZEM distribution may eventually fall outside the divert
envelope.This requirementmay be dif� cult or impossibleto meet if
there are control lags and hardware nonlinearitiesin the interceptor
dynamic system.

V. Necessary Conditions for a Small Miss
A. De� nition of a Small Miss

Provided the miss with respect to some reference point in the
target can be guaranteedto be small comparedwith the physicalsize
of the target, a hit can be claimed. A small miss is the same as a hit.

Therefore, the dif� culty in guaranteeing a small miss, where small
means less than the physical size of the target, is to be considered
next.

B. Guidance Critical Range
Provided the distribution of sample ZEMs lies inside the inter-

ceptor position divert envelope, an intercept is possible. But once
some part of it falls outside the envelope,the probabilityof a hit falls
below 1 [Eq. (4)]. If most of the ZEM distribution lies outside the
envelope, the probability of a hit is small. Very little advantage ex-
ists in applyingan interceptorcontrol once this situation is reached;
the ZEM uncertainty is larger than the available divert, so that most
controls computed from the ZEM set will not have signi� cant effect
in improving the miss. The guidanceis almost ineffective.The guid-
ance system might as well apply zero control. The sample misses
then equate to the sample ZEMs.

At this critical range, the distribution of sample misses becomes
almost the same as the distributionof ZEMs, and because the actual
ZEM is a member of the set of sample ZEMs, the actualmiss may be
approximatedby a sample from the ZEM distribution.The guidance
critical range, and an expression to compute it, will be considered
in Sec. VI.

Suppose the target size is of the order of 1 m. Then de� ne (arbi-
trarily) a small miss as 0.1 m, so that the tolerableuncertainty in the
ZEM at the guidance critical range is 0.1 m. The states that deter-
mine the ZEM must be estimated to suf� cient accuracy to guarantee
that this uncertainty is not exceeded.

C. Description of the ZEM
Suppose the target velocity is constant and the interceptor � ies at

constant velocity under zero control effort. Then the ZEM at range
r is

z D !sr
2 V (5)

where !s is the LOS rate and V is the speedon the relativetrajectory.
To compute an estimate of the ZEM, estimates of !s; r , and V are
needed.

In tacticalmissile guidance, it is common practicenot to estimate
the ZEM explicitly. The problem is to construct a lateral accelera-
tion control for the interceptor that will null the ZEM,5¡7 without
actually calculating the ZEM. In the time to go tgo, the ZEM must
be nulled with an accelerative control. One possible proportional
control might be

acontrol D
K z

t 2
go

D
K !sr 2

V t 2
go

(6)

where K is some gain constant. Because

tgo ’ r=V (7)

the control becomes

acontrol D K V !s (8)

Equation (8) is the well-known proportional navigation (PN) guid-
ance law. K is the navigation factor, which is usually set at about 3
or 4. To implement the law, estimates of !s and V are needed. An
estimate of range r is not needed.

If the target is accelerating, or the interceptor zero-effort tra-
jectory is not constant velocity, or both, the ZEM may be written
approximately as

z ’ !sr
2 V C f .r; x/ (9)

where f is the contribution to the ZEM due to the accelerative
motion and x.r/ is a vector of states, which is suf� cient to describe
the accelerative motion, given the dynamics of the motion.

As with the PN example, a proportional control may be con-
structed by dividing by tgo squared, which will be in� uenced by
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relative acceleration. Depending on the dynamics of the accelera-
tion, knowledge of the range r to compute the control may or may
notbe necessary.To constructthe control,the dynamicsof the accel-
eration must be known, and !s and x must be estimated. In practice,
the dynamics may not be precisely known, but enough information
about them may be available to represent them reasonably con� -
dently in the critical end-game period by simple functions or series
approximations.

Other types of control may be constructed, for example, if the
interceptor uses a divert motor that produces a � xed thrust for a
controllable duration. We will not go into such schemes here.

For the purposes of this work, assume that the ZEM can be rep-
resented by Eq. (9). If Eq. (9) is not valid the computed ZEM dis-
tribution will be biased, and this may induce a miss, depending
on whether the bias is range dependent. If the uncertainty in the
representation is known then it may be incorporated in the ZEM
distribution (Fig. 1). The effect of the additional uncertainty is to
increase the guidance critical range.

D. Tolerable Uncertainty in the LOS Rate
If the LOS rate is uncertain by ±!s , then by Eq. (9), the corre-

sponding uncertainty in the ZEM is

±z! D ±!sr 2

V
(10)

To guaranteea miss smaller than the interceptormaximum position
divertat ranger , thewholeZEM distributionand,hence,±z! must be
contained within the interceptor position divert envelope. Were the
uncertainty in LOS rate to be constant, i.e., independent of range,
the ZEM uncertaintywould vary as the square of range, the same as
the divert. But LOS rate uncertainty is not constant; it tends to rise
in the end game, as we shall see. Therefore, the ZEM uncertainty
does not vary with range in the same way as the divert. We shall see
how it does vary later.

Requirements on acceptable LOS rate uncertainty to meet the
guarantee are

±z! ·
amax t2

go

2
(11a)

that is,

±z! ·
amax r 2

2V 2
(11b)

that is,

±!sr 2

V
·

amax r 2

2V 2
(11c)

that is,

±!s ·
amax

2V
(11d)

The whole LOS rate distribution and, hence, the LOS rate uncer-
tainty must be contained within an envelope determined by the in-
terceptor divert accelerationdivided by the relative speed. This is a
necessary condition for a satisfactory engagement, but not a suf� -
cient one because there are other contributionsto ZEM uncertainty.

In a conventional tactical missile application, amax and V might
be expected to be 20 g and 1000 m/s, respectively, requiring LOS
rate uncertainty to be less than 0.2 rad/s. But in ballistic missile
defense amax might be limited to 3 g, and V is typically 3000 m/s.
The LOS rate must be estimated to better than 0.01 rad/s.

The design of a state estimator/terminal homing seeker to
meet this requirement may be dif� cult, particularly in the endo-
atmospheric interceptioncase, where the targetmotion may be non-
Keplerian and only partially predictable. The speci� cations on the
seeker and the on-board inertial instruments,which must supply the
information to enable the state estimator to converge its LOS rate
estimate, will be very exacting by comparisonwith the tacticalmis-
sile case. It is likely that the tolerance to seeker measurement errors
caused by window and � ow� eld aberrations will be about an order
of magnitude more stringent.

A heuristic expression that predicts the effect on the intercep-
tor miss distance due to seeker measurement error, state estimator
uncertainty about target acceleration, and interceptor divert accel-
eration limiting will be established next. The method of deriving
the expression is unconventional. It is admitted that the expression
gives only an approximate guide to the likely miss.

VI. Information, Uncertainty, and Miss Distance
A. General

The arguments that will be used to establish interceptor miss
are semi-intuitive. However, they do lead to results that tend to be
con� rmed by computer experiments. Consider the terminal hom-
ing phase. Information to estimate the ZEM, or the state variables
that constitute it, must come from the terminal homing seeker. The
information is used to reduce the uncertainty in the ZEM. Some
sample from the ZEM distribution, possibly the mean value, must
be used to generate a control for the interceptor, so that the ZEM
distribution is guided collectively toward zero.

Estimation of the ZEM depends on estimation of the LOS rate
[Eq. (5)]. The dynamics of the ZEM are connectedwith those of the
LOS rate. The centervalueof theLOS ratedistributionis determined
by the control applied to the interceptor. The uncertainty of the
distributionis determinedby the measurements from the interceptor
seeker.

B. Dynamics of LOS Rate
Consider one plane of the guidance. The dynamics of the LOS

rate !s are given by

d!s

dt
D ¡2

Pr
r

!s C 1
r

.at ¡ am/ (12)

where r is the interceptor–target range, Pr is the range rate, and at

and am are the target and interceptor accelerations, normal to the
LOS.

In simple PN guidance, !s is driven to zero by the control on am ,
by setting

am D ¡K Pr!s (13)

where

P!s D .K ¡ 2/.Pr=r/ !s C .at=r/ (14)

Because Pr is negative, the LOS rate will be driven toward zero
provided the target acceleration is not too large and the navigation
factor K is greater than 2.

However, this result is not generally applicable when there is a
limit on the interceptor available lateral acceleration.Earlier, it has
been shown that for a hit probability of 1 the whole LOS rate dis-
tribution must lie inside an envelope §amax=2V and, consequently,
so must any sample !s drawn from that distribution.

C. Dynamics of LOS Rate Uncertainty
From Eq. (12), a differential equation for LOS rate uncertainty

can be developed. Suppose that a state estimator such as a Kalman
� lter is used to estimate (among other states) LOS rate and target
acceleration. In an interval between seeker discrete measurements,
the LOS rate uncertainty will evolve as

d±!s

dt
D ¡2

Pr
r

±!s C 1
r

±a (15)

where ±a is the uncertainty in target acceleration. The range and
range rate may also be uncertain in practice, particularly if passive
homing is used, but the effect of these uncertainties will not be
considered here.

The rate of change of LOS rate uncertainty is inversely propor-
tional to range r . Uncertainty will be reduced impulsively at each
discrete seeker measurement. It is desired to constrain it to within
the limits §amax=2V until as late in the interceptionas possible, and
this puts an information rate requirement on the seeker. Consider a
range at which the rate of uncertainty growth de� ned by Eq. (15)
exceeds the seeker information rate. As the range falls, the uncer-
taintygrows rapidly,and quickly exceedsthe desiredamax=2V limit.
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The ZEM uncertaintygrows correspondingly.As it begins to exceed
the maximum positiondivert, the guidancestarts to become ineffec-
tive, and a miss which may be approximated by some sample from
the ZEM distribution becomes inevitable. The later in the engage-
ment this process occurs, the smallerwill be the varianceof the miss
distribution.

D. Effect of Seeker Measurements in Reducing
LOS Rate Uncertainty

The problem of getting a simple expressionfor the guidancecrit-
ical range will be approached by establishing a characteristic time
interval Tdetect for the seeker to measure a rate to an accuracy of the
order of amax=2V .

If the increase in LOS rate uncertainty due to the dynamics in
the interval Tdetect is much less than amax=2V , then the information
from the seeker in the interval will cause a reduction in LOS rate
uncertainty.

If the increase in LOS rate uncertainty due to the dynamics in
the interval Tdetect is of the order of amax=2V , then the information
from the seeker in the interval will just balance the increase in un-
certainty due to the dynamics and the LOS rate uncertainty will be
approximately constant.

If the increase in LOS rate uncertaintydue to the dynamics in the
interval Tdetect is greater than amax=2V , then the information from
the seeker in the interval will be insuf� cient to offset the increase
in uncertainty due to the dynamics and the LOS rate uncertainty
will increase. In this case, the seeker cannot supply information fast
enoughto prevent theLOS rateuncertaintyfrom increasing:The un-
certaintywill, therefore,grow uncontrollablyin this and succeeding
intervals, and will quickly exceed the §amax=2V limits.

For continuous measurements with Gaussian noise, the uncer-
tainty evolution is prescribed by a matrix Riccati differential equa-
tion, which may be factorised into two linear matrix differential
equations and solved analytically under certain restrictive condi-
tions.For discretemeasurements,a rigorousanalyticsolutionseems
to be more dif� cult.

The seekermeasures the look rotation from some reference to the
LOS. Suppose the reference is determinedby an expectedLOS rate.
Then the change in the rotation in some interval Tdetect for a sample
LOS rate drawn from the distribution of LOS rates is

±µlook D ±!s ¢ Tdetect (16)

The seeker will be able to detect this change only if it is greater
than some threshold µseeker determined by such factors as the seeker
noise level, the pixel size, the size of the target image, and so on.
Thus, for the change to be detectable, the interval Tdetect , which will
be called the seeker detection time, must be

Tdetect D µseeker

±!s

(17)

The time required for the seeker to deliver LOS rate information
to accuracy amax=2V is, thus,

Tdetect D µseeker

amax=2V
D 2V µseeker

amax

(18)

In this time, the dynamics growth in LOS rate uncertainty, from
Eq. (15), is

1.±!s / ’ d±!s

dt
Tdetect

D ¡2
Pr
r

±!s C 1
r

±a Tdetect (19)

When the range is much larger than the range rate, the growth will
be small. The sequence of seeker measurements should reduce the
LOS rate uncertaintyto amax=2V or less. If the LOS rate uncertainty
cannotbe reducedto amax=2V or less at any point in the interception,
then themiss groupingwill be larger than thevaluewe shallcompute
here, because some part of the ZEM distribution will consequently
always be outside the maximum divert envelope.

Fig. 5 Evolution of LOS rate uncertainty.

Fig. 6 Evolution of ZEM uncertainty.

As r approaches the guidance critical range, the growth in LOS
rate uncertaintywill become equal to the reductiondue to the seeker
measurements, and as r falls below the critical range, the growth
will exceed the seeker reduction.The LOS rate uncertaintywill then
begin to growrapidly.Therefore, the guidancewill begin to fail, and
the miss distribution will be similar to the ZEM distribution at the
criticalrange.Figure 5 is intendedto illustratethe phenomenon.The
region of LOS rate uncertainty lies between the curved lines. In this
example, the centralvalueof the uncertaintydistributionis zero,and
at long range the rate of uncertainty growth due to the dynamics is
less than the rate at which the seeker supplies information.The LOS
rate uncertainty,therefore,falls.Later, it becomesnear constant,im-
plying that the seeker information rate just balances the dynamics
growth rate. At the critical range rcrit , the dynamics growth rate
exceeds the seeker information rate, and the uncertainty becomes
uncontrollable; it quickly exceeds the desired amax=2V limit. Be-
cause the ZEM uncertainty is linked to the LOS rate uncertaintyvia
Eq. (10), its behavior must be similar to that shown in Fig. 6.

Figure 6 suggests that the ZEM uncertaintyis constant for ranges
less than rcrit , which is consistent with the following argument. By
Eq. (15) the rate of growth of LOS rate uncertainty after the crit-
ical range rcrit , when the seeker measurements cease to have any
signi� cant in� uence, is approximately equal to

d±!s

dt
D ¡2

Pr
r

±!s (20)

If the coef� cient Pr=r of ±!s were constant, Eq. (20) would have an
exponential solution. But the coef� cient changes rapidly in the end
game. A solution of Eq. (20) is found to be

±!s D ±!s .rcrit/
rcrit

r

2

(21)

Substitutingthis result into Eq. (10), the part of the ZEM uncertainty
due to LOS rate uncertainty is obtained as

±z! D ±!s .rcrit/ r 2
crit

V
(22)

which is independent of range r .
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In truth, the seeker will supply a small amount of information
after rcrit , and the ZEM uncertainty may go on falling. But because
the uncertainty is larger than the maximum position divert, little
can be done about the miss. Whether or not the ZEM uncertainty is
constant, rcrit is the range at which the ZEM uncertainty envelope
crosses the maximum position divert envelope.

E. Expressions for Guidance Critical Range and Miss Uncertainty
Rapid growth of LOS rate uncertainty with respect to the limits

§amax=2V will begin when, in the absenceof seekermeasurements,
the growth of uncertainty in a Tdetect interval becomes greater than
amax=2V .Then, as discussedat the startof Sec. VI.D, the information
provided by the seeker at a measurement is insuf� cient to negate
the increase in uncertainty.By Eqs. (11) and (19), rapid growth will
begin when

±!s ’ amax=2V (23)

and

[¡2. Pr=r/±!s C .1=r /±a]Tdetect ’ ±!s (24)

Let rcrit be the range at which this happens. Substituting for the
variables,

rcrit ’ 4V 2µseeker

amax
1 C ±a

amax

(25)

Because the ZEM uncertainty is approximately

±z ’
±!sr 2

crit

V
C 1

2
±a

r 2
crit

V 2
(26)

and the miss uncertainty is approximatelyequal to the ZEM uncer-
tainty beyond this point, it is concluded that the miss uncertainty
will not be much less than

±m ’ 8V 2µ 2
seeker

amax
1 C ±a

amax

3

(27)

This result suggests that the set of possiblemisses lies in some range
that is not smaller than ±m, the center value of which should be near
zero (becauseof the effect of the interceptorcontrol in centering the
distribution). The actual miss is a member of the set and could be as
large as ±m ; it cannot be guaranteed to be less than ±m. Therefore,
it must be ensured that ±m is less than the criterion for a hit, for
example, 0.1 m.

F. Examples
1. Example 1

Suppose theclosingspeed is V D 3000m/s, the interceptormaxi-
mum divert accelerationis amax D 3 g, the seeker angular resolution
is µseeker D 0:3 mrad, and the uncertainty in the target acceleration
normal to the LOS is 1 g.Then theuncertaintyin the miss in meters is

±m ’ 0:5 (28)

This uncertainty is larger than might have been hoped for. To guar-
antee a miss of 0.1 m or less requires an improvement to the seeker
resolution of about

p
5, i.e., to about 0.13 mrad, which will be

dif� cult and expensive.Alternatively, the interceptordivert acceler-
ation amax could be increased to 7 g.

2. Example 2
With ±a zero, implying perfect knowledge of target acceleration,

±m ’ 8V 2µ 2

amax

(29)

Thus, with V D 3000 m/s, µseeker D 0:3 mrad, it is not possible to
achieve the 0.1-m miss uncertainty unless the maximum divert ac-
celeration amax is at least 6.6 g.

3. Example 3
In the terminal stageof homing, the target image may covermany

pixelson the focalplanearrayof an infraredseeker.What is theeffect
of this image size? In the absence of image processing designed to

selecta particularfeature in the target image to singlepixelaccuracy,
the effective seeker resolution is not one pixel, but rather

µseeker ’ dt=2r (30)

where dt is the target size. The effective seeker detection time,
Eq. (18), becomes

Tdetect ’
V dt

amaxr
(31)

For simplicity of calculation, assume that the uncertainty in the
target acceleration is zero, and rework the calculations for critical
range. This yields

rcrit ’ V 2dt=amax (32)

The miss distance uncertainty becomes

±m D ±!sr 2
crit

V
D

amax

2V

r 2
crit

V
’ dt (33)

i.e., the miss uncertainty is of the order of the target size.

VII. Conclusions
A simple (and predominantly intuitive) theory has been devel-

oped that explains how limitations on guidance seeker information
rate and interceptor divert in� uence the miss distance of a homing
interceptor employing reaction sidethrust control. The implications
of the work are as follows:

1) To guaranteea zero miss (with respectto some designatedpoint
in the target), the distribution of sample ZEMs computed from the
interceptor–target state PDF must lie inside the maximum position
divert envelope, at all values of interceptor–target range.

2) No matter what guidance law is used, there exists a critical
range at which the distribution of sample ZEMs ceases to lie en-
tirely inside the divert envelope, due to seeker information rate lim-
itations (determined by noise, pixelization,sampling rate, etc.). The
subset of ZEMs that lies outside the position divert envelope con-
tains sample ZEMs that are nonnullable. Because the actual ZEM
may be a member of this nonnullableset, it is impossible to provide
a guarantee of zero miss.

3) The grouping of misses approximates the ZEM distributionat
the critical range,becausethe gquidancetends to become ineffective
at ranges less than the critical range.

4) It may be possible to design the interceptor guidance so as to
ensure that the miss grouping is smaller than the target size. Thus,
though it may not be feasible to guarantee a zero miss, it may be
possible to guarantee a hit somewhere on an extended target.

The work is signi� cantbecauseit indicateshow the miss grouping
is related to closing velocity, seeker measurement accuracy, maxi-
mum interceptormaneuver acceleration,and state estimator uncer-
tainty about target acceleration.The results obtained, though admit-
tedly approximate,may be used to indicate the seeker measurement
accuracy and interceptor divert acceleration speci� cations that are
necessary to guarantee that the miss distance grouping does not
exceed some desired value.
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